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SWlSURFACE I?LANING1

From the general dimensional and mechanical similarlty theory it
follows that a condition of steady motiojl:~fa given shapj~botto?nwith
constant syeed on the surface of water ia determined by four nondimen-
sional Farameter8. By considering the various systems of independent ““
parmneters which are applied in theory and practice and in special tests,
there is determined their mutual relations and their suitability as
planing characteristics. In studying the scale effect on the basis of
the I&andtl formula for the friction coefficient for a turbulent condi-
tion the order of magnitude is givenof the error in a lying the model

~—data to full scale in the case of a single-step bottom. For a ottom of
complicated shape it is shown how from the test data of the hydrodynamic
characteristicsfor one speed with various loads, or one load with vari-
ous speeds, there may be obtained by simple computation with good ap-
proximation the hydrodynamic characteristics for a different speed or
for a different load. (These considerations may be of use in solving
certain problems on the stability of planing,) ‘Thispermits extrapolat-
ing the curve of re .~ce agaZns& speed for-,largespeeds inaccessible....,...-,.+
in the tank tests or for other loads which were not tested. The data
obtained by ~om~utation are in good agreement with the test results._ ............
Problems regarding the optimum trim angle or the optimum width in the
case of planing of a flat plate are considered from the point of view of
the minimum resistance for a given load on the water and planing speed.
Formulas and graphs are given for the optimum vaJ.ueof the planing coef-
ficient and the corresponding values of the trim angle and width of the
flat plate.

1. GENERALREMARK5 ON THE HYDRODYNAMIC FORCIISIN PLANING

First, consider the various systems of parameters by which the hy-
drody~c””forces in plmihg with constant speed are determined for a

-,
... . .— - -------- ..—-— .—-————.-.—..-———— .- —-.

‘Report No. 439of the Central Aero+drodynsmical Institute,
Moscow, 1939.
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bottom of a certain shape. The shape of the bottom is fixed but the
scale, determined by the at the step, is introduced..as a funda-
mental variable parmneter. Furthermore, planing on a ~ingle step is
chiefly borne in mind. —

The force acting on each element of the bottom may be decomposed
into the tangential and normal components. The normal component is
determined by the pressure of the liquid at the element, while the tan–
gential component depends on the viscosity of the liquid and is deter-
mined by the motion of the liquid in the boundary layer. The vector sum
of all the elementa~ forces normal to the bottom is denoted by ~, and.. .........

U the forces tanflentto the h~ttom by ~, the force
N being~alled the normal force, and the force F the friction force.
For a bottom with cylindrical curvature (only the cylindrical insert is
wetted) the force ~ is p~rpendicwlar tothe ~enerator of the cylinder
while the friction force F, is.parallel to the-or (fig, 1),

Denote by M the sum of the moments of all hy&odyn@c forces act-
in~ on the elements of the bottom relative to the transverse axi.epassing
through the keel at the step. Evidently, the magnitude M is determined.
by the law of yrossure distribution and the frictional forces on the
wetted surfaceof the bottom. For bottorn~streamlined in the longitu–”
dinal or transverse directions the i?riction~es in general affect the
value of the moment M. In the cz+meof planing of a flat rectangular
=-the moment relative to the rear edge does not depend on the fric–
tion force.~ A bottom of Given shape may plane with various geometric
orientation’relativeto the water and with various values of the given
mechanical ma~nitudes,

The disturbed steady motion of the fluid for a~o~@r@ horizontal
motion of a bottom of any fixed shape (possibly with several steps) is
determined by the following parameters:

b width of the bottom

z wetted length along

Q trim angle

v syeed of motion

at the first ~tep

the keel

In addition to these parameters the motion of the ~luid depends also on
the values of the physical constants:
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g acceleration of gravity
.,,

,,,

v coefficient of “kinetitic“vi6co-sity :. -

P density of the fluid .,..””

Thus fo,rsteady planlng, all mechanical characteristics.are func-
tions of the a“boveseven magnitudes. In particular,

.
N =f(b, t, e, V, ~, p, u.)

,.

M=~(b, Z, e, v, g, P/U ),

To determine these functional relatione is the problem of experi-’
mental and theoretical investigations.

In order to reduce the number of independent variables determining
the ?notionAit is convenient to consider simultaneously the combination.—
of all dynamically similar motions for each cond55tionof motion...-,m,-,........... For
each of these dynamically similar motions all the nondimensional combi-
nations formed from the mechanical magnitude have the same value. Every
combination of motions is characterized by nondimensional magnitudes.
The system of similar motions is now detetined not by seven independent
variables hut only by four nondimensional independent parameters. For,
since the value of the nondimensional parameters does not depend on the
system of measuring units employed for the dimensional magnitudes, it
may be assumed in stu~i~-’~h~ dependence of ’nondimensionalmagnitudes
on the defining parameters, that theAdimensionalwrameters are measured
in a special s~s;em of uni~s in whi;d a
parameters always have a value equal to
ternof measuring units in which:

b’=1, g?=l,

certain t~ree of the - - -
unity. For example,

fundamental
take a sys-

and. v’ amIn this special~ystem.of units the magnitudes Z’j v’,
expressed in terms of the values Of the correqon&L.ng ~fitudes in.any
systemof units by the formuias:

.“

“...

vb
3.’,=:; .V’ =—

,..,/$ ‘qd “ ‘J:~3h=*’~

. .. ! ! !.----. !.-! .,,,.,,,, . , ..,.,.,-., . -., -,, ,, , ,,# ,,,,,,,,,,,..-,--,, --—. --m,-
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all the nonumnslonal chamcterlstlcEi of the planlng
considered as functions of the followlng four nondi-

mensionalConib-tions :

e trim angle A
~=h

aepect ratio of
b .

the wetted surface on the first step

w
w

— = C+ = F velocl~ cmfficient or I%ouds number
@

vb=R— Re~lds ntmiber
v

In particular:

2

From thef3e very JQp?tant considerations it folhws that !iU the
I@rc@mic forces acting cm the bottom are simply proportional to the
Wnsi@ of the fluld. b deallng with tests on a single fluld at a sip
@e temperature three of the seven mgnltudes determining the steady
planing -namly, &P#fxQa u - am fixed,and therefore & esse~
~nmagrdtudes wiU. be only four: namely, e, b, 2, and V, *=EUW
equivalent to the four n.ondlmnslonal Dm@Iiuaes e, L, ~, - R-

F- this point of view, the Introductlcm nf ncmdlnwnsional pramtirs
appears not to simplify the problem. However, It is mre convenient to
employ the ~“i~ ters because they have absolute values

-
~ phyt3icaleffects. If dtmmsional parenmters m en+
eir values will depmd on the a8f3_a sv3tem of measuring

units, and for this reason, Weir n=fical values till not in ~~
selves be sigmlficant. Morewer, a nondlmnsional system of para?ulters
is suitable for model tests.
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In practice it is often more convenient to use other independent
parametersdeterm “ned by the motion of the body on the water. Instead
of the wetted length Z and the trim angle O the following known - :
nitudes may be taken: namely, P

A the load on the water

Ml the external moment
rear edge of the

For steadymotion

about the transverse axis passing through the
step

M+MI=O

The magnitude 141 cannot, in general, be preassigned, since it is
determined by the weight and the position of the center @f’gravityl and
depends on the position of the line of action of the thrust and the mag–
nitudc of the thrust. Mcreover, for seaplanes the moment Ml may
essentially be determined by the aerodynamic forces, in particular, tho
forces actiw on tail surfaces. which in turn depend on the am?le of
inclination 6f the control sur~ace cmd on the an& of take-of; of the———---——
s~aplane on the water. For this reason~–”-–”—-

—. ,—.
Instead of the moment Ml, the

trim ang’li 0 is often chose%j In testi~ model~ both Ml and 6 may
be given. Under full-scale conditions it is generally simpler te meas-
ure and assign, with the aid of the control mcmbcrsJ the angle 6.---

If a nondinonsional.system of ~aro,metorsis
the aspect ratio k there may be introduced the

used, then instead of
par~ter CB or tie

.- -..
parameter’-””~~j”

CA . -’Aby

The nondimensional

Evidently, in

coefficient CA is called the load coefficient.

the general case,

CA= CA(k, e, ~, R). .

‘The moment of the-in general,depends on the trim angle, but 1

the change in the lever arm”of”the force for small trim angles is not
large, so that in practice this change may always be neglected.

1
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Thus, in replacing .-l by
CB

~ the dependence of the magnitudesor c

considered.on 0, CV~”,,and R changes.

There, now, can be written the equations of the forward motion of
the bottom with conetant horizontal speed. For simplicity, it is neces-

1 sarv to take into account the case where the bottom has a c~lindrical
fitiing strip. By pr6J~~ting the forces on the horizontal “md vertical
%Z5cXi ons and setting up the equation of moments with respect to the
transverse
tained:

axis passi@ ~hrou.gh-therear edge of the step there is ob-

X -FcosO -Nsind=O (1)

N Cos 6 -FsinO-A=O (2)

MI+M=O (3)

where X is the horizontal thrust, equal to the resistance. For given
A, v, @, and b equation (1.)permits determination of the resistance
and hence the reqwlrod thrust.S——....... ..

Equations (1) and (2) may be simplified. Since the angle 6 in
practice is alwaye small and the force Y by cor~parisonwith the force
N is small,~ there may be written

x =F+AO; N =A

whence is obtained:

2CA
CB= N = A =—

& b,2 @ ?& c-ii
2 2

If the external moment is given, the angle e for a given load is
determined from the moment equation (3).

The following three nondimensional systems of parameters determin-
ing the=~of steady planing have been indicated:

lThe angle Q is of the order e < 0.2 radian ~ 120, the fric-
tion force F < 0.1 A.

. .. .. . . . . ,,. ,,, ,------ . . .. . , . . ....... ... .. ,,. .
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I. 6, X, ~, R

‘II; 9;~,”~;R ‘“”-‘.-

III. e, CA, CV, R

certain caees instead of the trim angle $ it is more conven-
assign ,thenondimensional moment coefficient, conn6cted by \\

simple relatioq16)withthe pcting-externalmombnt. “--”Sometimes, in place
of the angle 6’ there may be given the yosition of the center of pres-
sure, which is determined by the given distribution and values of the
external forces (not hydrodynamic) acting on the plani~ body. /System I
is suitable in theoretical investigations,

-...
since the wetted.length is a

fundamental ch racteristic,of the velocity field of the d3.sturbedmotion
of the fluid. k I and II are used mainly in experimental investi- , ,,
gations on problems connected with the physical side of the planing
phenomenon.

1
System.III is widely used .j.ntechnical application.?. ‘l’he

coefficient ‘“CA is a characteristic structural pammeter which for a
given width (given float) iQ determined by the load on the water. For /
the model or full–s~~~”%est the effect of the coefficient CA is
equivalent to the effect of the load on the water, a funbental charac-
teristic ma&nitude.

—..

For “boats,the bottoms of which differ little from a flat shape,
systems 11 andIII are evidentlyAconnectedwith each other. In this
case: /,

2cA
cB.—

CV2

In a nuiiberof problems, systems I and II are more
this case for the planing condition the dependence

suitable since in
of the velocity field ,

of the disturbed motion on the Froude number is not very_a~rec..%ble.,”
and therefore the n~ber of independent parameters is reduced to three. /’

The Reynolds number R mayal.so be expressed as:
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In tests with the sam fluid at constant temperature and with the
szme model (b . constant) the Reynolds number is evidently.sim~~pro-
portional to the Froude number. Nor this reqson, in model t?X51%the
system of parameters

0, CA, and%

\ hcompletely determines the o$ion snd therefore the resistance, hydrody-
namic moments,and,so forth.

Besides the systems of parameters I, II, and 111, the following
‘yst~~ my ?21S0 be used

or

/’

The effect of the parameter B is equivalent to the effect of the abso-
lute dimensions of the model. Evidently, this parameter may kave an ap-
preciable effect on].yin the case where the Reynolds number has an
appreciable effect, that is, in those cases where the viscosity of the
fluid h>q_aconsiderable value. For the parameter B there may be. . ....
written:

B=~
v1!

.
where u’ is the coefficient of kinematic v@scosity in the a~eciaJ.SYSS
tern

\
the

of units given previously.

The ~alit~of the planing bottom is characterized by the ratio of----
resistance>the load on the water:

.Zc
A

\
This ratio is denoted as the planing coefficient.

AL
he reciprocal magni-

tude is denoted as the efficiency:
—— ..—-....

L

/

[1.-
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Evidently,

Cf).
E se+-

CB

Later, the conditions under which the coefficient c has the minimum
value which corresponds to the maximum value of the efficiency will be
considered.

2.ExPERImNTAL AND

AND TEE

THEORETICAL DATA ON THE DIWENDENCE OF THE LIFT FORCE

FRICTION l?ORCEON THE DETERMINING l?ARAME~S

Lift Force

As has been seen from the general considerations of the dimensional
theory, it follows that for steady planing at SIIEQI-aw~.es Om~’&”-’”-” -’-

Nov7, consider_how the coefficient @ depends on the above varia-
J?@!?? ‘Theforce N is determined by the law of the pressure distribu-

—.—— -

tion on the wetted surface~ Since the pressure are detemml.nedby the
tiexternal potential flowfiwhichw be determined t eoretically without

taking account of the viscosity, it is evident that the Reynolds number
has no effect on the value of ~, and therefore it may be practically
assumed that the coefficient CB does not deyend on the Reynolds number..,
R.~-”Planingbodies generally are approximately flat in shape. In plan-
ing on the surface of the water the ele~nts of the wetted surface have
a small inclination to the horizontal. )From theoretical considerations ~
t.reference1) it follows that in this ca~”it may be assumed that the
coefficient CB depends linearly on the trim am~le e. For a bottom

-..%pp ‘imp~ ~r”portio-’ ‘0 ‘“with cylindrical insert,>......— I
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Moreoverj it tollows from

I
values of the Froude nwber CV

tially affect the motion of the
1), The motion of the water by

,,
,.

,/

NACA TkiNO. 1097

theoretical oonsideralxion.sthat for large
the weight of the fluid does not essen-

fluid near the ph.n.ingbottom (reference
which the pressure on the bottom is de-

t;rnined.may be obtained for large values 6f the Froude number without
taki~ the weigh”kinto account. ‘Therefore,for larfle

—- -
values of ~ the

value of C!B does not depenk on Cv“ For small values of CV in the

plowi~ and transition~ibtim effect of the wai@t of the liquid is
essential. This effect rna.yto a first approximatioilbe’taken into ac-
count by the addition of hydrostatic forces, which for large values of
the Frou.denumber are necjigihly small in comparison with the dynnmic
force~. In the expression for the coefficient CR the added term de-
termined bjjthe hydrostatic forces is inversely proportioml to the

I square of the Froude number ‘(r%~fez’ences1-and 2). This term very rapid-
ly decreases with increasing ~v.

_ ,..-..-...—--.L.—,_,

On the basis of the .analo(tgbetween planing and the motion of a
wintiin the fluid there is obta~.nfidfor the flat plate the following
semiempirical formula for the dependence of the coefficient c~ on the

fund.ailentalparameters of the motion (references 2, j).

(1)

I
Figure 2 shows the ~~ee)llent between thie formtllaam?.the te~t results-__..-......*

I The second term of’the above formula reprerxmts the hydrostatic forces.---------”--”-’
I

For small L = ~ < 1 and large values of CV only the first te-rmneed

be used:

(2)

Resides the above formula derived on a theoretical basis, there are
a nuriberof purely enpirical Fornwas‘“”711~lgs~’”’l%j~ik~-a~dJohnston
(reference k) represen.tin~the lift force 3.nthe fom

A = kll?,p V2 6

proposed for the coefficient k the following emyirical formula:
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Since CB— = 2 k h, this is equivalent to the following formula:
0

CB = O.g?h””=ee ()+)

In 1936,B. Sifman (in an unpublished paper) improved somewhat the
formula of Perring and Johnston by proposing the formula

k
0.47=—

Ji’

This formula is more suitable
square root of X inetead of

In 1938,Sottorf (reference
Ca = 2 k the empirical formula:

in computations, since it contains the
the complicated power 0,58.

5) proyoseiifor the coefficient

~ _.o,85
whence CB = 0.85&i Q

a -77’

Thus, it is seen that essentially the same fo~ula was proposed by a
number of authors.

Figure 3 shows
cal formula

(5)

(6)

a comparison of the test results with the theoreti-

which is obtained from the wing theory on the basis of the snalo~

(7)
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between the plsdng phenomenon and the motion of a wing in an inffnite
fluid. There
for.mula:

is also shown on figure 3 the curve

0.35I-r
k= .—

1 + 1.4.k

which is obtained from formula (2). This curve is
ment with the given experimental results for small
yul)lishedin reference 6.)

corresponding to the

(8)

in satisfactory sgree-
A. (This figure was

On figure J are given the curves for the dependence of the coeffi-

Jt cient k on h by formulas (4), (5),(6),and (8).

For very smazl h approaching zero, formulafi(3), (5), and (6) give
large values for the coefficient k approaching infinity. Formula 7 for
x = O gives a finite value for the coefficient k. From theoretical
considerations it is evident that the coefficient k should be finite

,/ 1 for L = O, and therefore formula (2) for the coefficient CB for very

X better corresponds with--< ~ thetiy~tic%~~=i~e~tions.,-

correspond better with the

If CA, Cv, f3, andR

the true conditions. Cn the other baud.,the
on the basis of which formula (2) was obtained
true conditions when X is very small.

are chosen as the fundamental indeyend-ent

for CB is easilyparameters, the expression
.., /@ of equilibrium along the vertical. For Small

t the form of the profile there is obtained:

ACB . _v&_ = .——— .

—1+ p:zb2
‘2

obtained from tineequation

trim angles i’nd.eyendentof——

2CA

From formula (2), for determining A the relation is obtained:

0,7Yf?l#~ 2c~
———. =—
1-!-1.4A c~~

(9)

(10)

whence
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c~
.: h=”- -— .or .A.=

0.7tie-1.4c~

13

CA
-.—— (11)
0.35Y@ CV2-1.4CA

The above formula w serve to determine the wetted length for given
angles smd the coefficient CB or the coefficients CA and CV.

L-It is evident that-for the planing condition the denominator in formula
(11) is positive.

For a flat plate the center of pressure is located at a distance of
0.752 from the rear edge. (Experimentaland theoretical data on the
center of pressure are given in references 2 and ~.) For bottoms with
cylindrical insert the position of the enter of pressure is approxi-
mately the same as for the flat plate.

LOn the other hand, the position
of the center of pressure is determined by the external moments and the
load on the water. For planing bottoms the center of pressure, and
therefore also the wetted length, is determined essentially by the
center-of~ravity position, In this case, equation (10) may serve to
determine the trim angle
angle is proportional to
velocity.

e, whence tho result
the load and decreases

The Friction Force

To determine the friction force

F
p bl-vz

= Cf —,7
L

it is necessary to know the functional relation

is obtained-that
with increase in

the trjm
the

1 T--,....___ ..... —-.—

Cf =Cf(X, cv,R, e)

At the present time, sufficient knowledge is not available on this func-
tion. /The value of the coefficient Cf is determined by the velocity

field of tbe disturbed motion of the fluid. It may be assumed that in ,-
the plani~ condition the
the disturbed flow of the

weight of the
fluid outside

fluid does not have any effect on I!3

and withir.the bounda~ layer.
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From this it may be concluded that the friction coefficient does not de-
pend on the Froude number. Thus for the plming condition there results:

c-f = Cf(x, e, R)

In shipbuilding practice there is taken, as a ~tarting value for
the friction coefficient, the value of the coefficient for smooth flat
plates placed parallel to the towing velocity for the turbulent condi–
tion. In this case Prandtl proposed for the friction coe~ficient the
formula:

(Jf= .,0.074 0.074=
vl 0“2

()
?20”2LO*2—.

U1

(1’2)

where Z is the dimension of the plate in the towing direction, Besides
this formula a number of other~ have been proposed. Here also is given
the formula of Prandtl-Schlichting (reference‘7’)

0.455Cf = ——
{,g~ 2’56

)
(.. -

v

(is)

and the fom.uulafor the friction coefficient in the case of an initial
le.minarlayer:

0.455 1 700c.=– —–— (14)

The values of the friction coefficient by formula~ (12) and (13)differ

little from each other in the range 105 C Q < 108 (fig. ~).
v

, ,-,—-. , .,-.-, ,,.. , ,-,---- .,,. , --—.,. -, —,, ,,,,.,.,.,
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On figure 6 are plotted.the test results obtained by various authors
and the values of the friction coefficient by formula (J-3).Thesetest
results were taken from the work of Schoenherr (reference 8).

!!’
,,

In practice it is possible to determine the frictional resistance e“’
of ships as the resistance of a flat plate with an area equal to the ‘
we ted area of the body. The friction coefficient msy be obtained from
one of’the above formulas and some corrections made~the roughness of
the surface, the presence of rivets and pro~ectfons, and curvature of :
the surface. At the yresent time, the effect of the above factors may
be roughly estimated from the data of 8pcial tests (reference 3). Here
it is noted only that the a}ove factors increase.the friction force, the
amount of increase being at times of the order of 100 percent.—..

The value of the friction coefficient in planing depends ev5.dently
on all three variables. The problem of detemining.the friction force
in planing is complicated by the fact that the pressure distribution over
the wetted surface is very irregular and depends on the angle O and on
the aspect ratio X. At the forward edge of the planing surface the
fluid is thrown forward with a velocity greater than the planing veloc-
ity, and therefore the friction force at tho forward part is directed
forward so that the over-all value of the friction force is decreased.

The investi~ations conducted by the method of the theory of the
boundary layer to detetine the dependence of the friction coefficient
on the trim angle do not provide a reliable formula for the friction
coefficient. It is clear only that for otherwise equal conditions the
friction coefficient decreases with increase in the angle of attack as
was also observed in tests (reference 9).~rom the above-mentioned
tests on flat plates it follows that the plan~~ coefficient of friction
in many cases has values near the friction coefficient of flat plates
towed in the direction of motion (reference 5).

In view of the absence of reliable data on the dependence of the
planing coefficient of friction on the basic parameters of the motion,
in what follows use will be made of the l?randtlformula in the theoreti-
cal discussion.

/}
3. FUX51STANCE‘ lD SCALE EFFECT

For a planing bottom withcylindrical insert
may be expressed as:

w =x =A(O +F)

or

,,
: ‘-?

the water resistance

I_ —— —.
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(1)

F Cf ).
The ratio of the magnitude of the angle 0 to - = —— is equal to the

A CB

ratio of the form drag to the friction drag. In planing at large angles
‘- of attack the~l%~~engt.h 58 ‘sfi-~l-”””c~-’-’~till).The form drag is

large in comparison with the friction drag. At small angles of attack,
on the other hand, the wetted length is large (h large) and there re–
sul”bslarge friction drag and Small IOrm drag.

On the basis of formulas (10) and (12) (sec. 2), fo~ the flat plate
there is obtained for the planing coefficient “E:

I

E=o+
0.07h(1+1.4X) X“”p—— —.—.— —

R002 x0,7 fiCJ
. .

The wetted length 2(X=:) is difficult to measure on models and

particularly under fu~ll.-scalcconditions. Moreorcr, for small 1. the
wetted length fluctuates somewhat, even f~r quie~ steady motion of the

! model. The indeterminacy of the bounlnri%tiof the wetted length.is—— .
shown by the water droplets and foafi~fo~~g syrgy at the fo~ward edge.
For this reason, instead of the aspect ratio k it is more convenient
in practice to make ufieof’the coefficient

(JB. _L––
@_b2
2

For a flat plate there results:

CB
)“=

o.711e– 1.4r;

Thus it is found:
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.. .
‘c
~*.+’ -. 0.074 ‘..

,,. C;”2R0*2(0.7 m f3- 1.4C~)0*6
.,

(3)

,.

lh?omformulas (2) ~d (3)it is seen that the coefficient. c (the

efficiency)”does not dep,endlon the Froizdenumber ~ = —.—., This”
&

is due to the fact that the weight of the water has no a,pprciable

/---
effect”on the .dis,turbbdmotion of the water near”the body, Here, no
account was takenof thehydrostatic lift force which In p aning-is
negligibly small in co arisen with the lift force due to the dyn~c
reaction of the water.

L
It is evident that for the planing of bottoms of

a ‘morecomplicated two- ~shape the weight of the water likewise has

L
no essential effect on the hydrodynamic force, Thus ,forplanin/3

----.

(4)

For a flat plate, formula (3)gives the form of this function. For
curved bottoms there are neither theoretical nor empirical formulas
similar to formula (3).

Since the coefficient c does not depend.on the Froude number but
deTends on the Reynolds number, it is evident that in model tests fol-
lowing the similarity laws the value of c is the Wm@ for model and
full scale.

)

/
The planing states for model and J7u11scale are \13inrilaX”if CB, e) : .

and R are the same for both. It is evident that th~sitilarity condi-
tions CB = constant, Q = constant, and R = constant are necessary and

sufficient conditions. In teets with the same f2uid the constancy of

R = ‘~ is equivalent to the constancy of the product vb. Hence, on
v

decreasing the dimensions the velocity should increase,. If the dimen-
sions of the model are s~ller than the full scale, it is necessa~ for
similarity of the motion that the velocity of the model be less than the ~
full-scale velocity. In model tests following the similarity laws of “. -
Reynolds, the lift and resistance forces are the same for similar

%he velocity has an effect on the efficiency through the coeffi-
cient CB and through the Reynolds number.
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motions. In yassi~ from model to full scale, the observance of the con-
dition R a constant is required only in dete?mi.ningthe resistance of
the water. In determining the lift force as a function of the fundamen-
tal parameters it is not essential that the condition R = con~tant be
olserved, because th lift coefficient does not depend on the Reynolds
number (see ?3elow).

L
If the condition R = constant is not observed, the

resistance coeffici ‘“6 for otherwise equal conditions has different
values for model and full wale, and therefore the model resistemce com-
pute_dto full scale does not agree with the full-scale resistance. This
difference in the resistance is known es the scale effect.

The scale effect will be estimated in to.llowing.the Froude laws on
..fkuncx$e,u.For this purpose usewQl ‘bemade of formula (’3}.~1%-fil~w-”

...--—...—,....—-_ .._

ing the Froude laws there is obtained.: ~ .-,-

Evidently
3/2

I?=
V2 b2 -D2\

()
=——=R~ ;- (if bz > bl, then R= > Rj.)

v i

The fuli-scale Reynolds number is greater than that of the model if
full scale is greater than the model. The change in the resistance
coefficient is

‘1 -C2=

X11
1-

given by the formula:

0.074
-“0.2
CEl R~”2(0.~ fiG ‘1.4 CBI)O’s

bl \

()

0.37 l?~ F
-—

b2 _,I= E[’-(2Y”31 _,

The above formula shows that cl

resistance coefficient decreases

L-
Since

- ea >O1.f bl < b2, that is

the

(5)

, the
in passing from model to full scale.
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,.
.

fozmmla (5)maybe given in the form:

The coefficient before the te~ in brackets rloesnot depend on the scale---—
in model tests with eclualFroude number.

bl
For the same ratio — the difference 61 - 62 is smaller the

bz
greater the Reynolds number, that is, the greater the velocity or the
greater the width of the model. It must be noted, however, that the
above “decreasein the scale effect with increasing width of the modei
occurs rathey S1OWQ since R= enters to the .0.2;.:power. For a fixed
bl the magnitude of the scale effect is detem-i~d-bj’-%lie--factor

The full-scale resistance W’2, obtained by computation from tine

resistance of the model by the similarity law of Froude, is given by
the formula:

@2 = c1 A2

and the actual resistance by the formula

W2=.~2A2 .

From formula (5)it is evident that

I —.
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The magnitude T1 characterizes the scale effect.
E

Ftiomformula (7)
it follows that V1 is always less than 1. The value of ql is near
t. when the ratio of”the form resistance to tinefrictional resistance
–.L

Al e
is small, — << 1. This will be the case in planing at small angles

F,
of a%tack. F~r planing at large angles of attack the ratio of the form

to the frictional resistance is large,
A= e
— >> 1 and the~efore

\ FI

PT1 << 81 . F r on, it will be shown that tineminimum resistance
occurs when he frictional resistance is near in value to the form re-

,.,:.
A= e

distance;’that:.isy— = 1. Hence for the optimum planing condition
F

Making use of the graph of figure 7, the value of the scale effect

bl
is readily evaluated. For example, for — = ~ under the optimum

b~
planing conditionthereis obtained

kIn relation to the full-scale resistance the rrors in the resist-
ance obtained by computation according to the simi~arity law of Froude
will be still larger: namely,

7urther, also consider the change in ~ in computing this coeffi-
cientjlfromone speed to another for equal ~ and e. ~In this case:

i. _....-

bl
V2

= b2; CBl = CB2; v2#v1 and R2~R1Z

[
and there is readily obtained:,.
.--’”
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(8)

and G if v= > VI, then < Cl
62 . With

for othezwise equal conditions theresistance

Thus, for equal CB
increase inthe velocity
coefficient drops. Evidently, the diffe~ence Cl - 62 increases with
decrease in the ratio vl/v2 more slowly than with decrease in the ratio
bl/b2 in tests following the Froude law.

The resistance for the speed v= obtained by the formula
W’* = 6 1 AZ will be denoted by Wf2; tjhen

(9)

V1
for –- = ~ for the optimum planing condition there results:

V2 2

Thus the error in the resistance for the syeed 2 VI obtained from the
value of 61 for the velocity vl is

The results obtained from formulas
netted with the Prandtl formula for the
be noted, however, that the possibility
for the friction coefficient in planing

of the order of 10 percent.

(6)and (8)are intimately con-
fri.ctioncoefficient. It should
of uaking use of this formula
is not yet clarified.

For a?nodel with a complicated yrofile shape (b is fixed), %he de-
pendence of the,coefficient ~“ on CB and B may be determined
experimentally ,fora certain fixed speed. These data permit determina-
tion of the full-scale and model resistanc~s for a given load A and
trim angle e at all planing ~peeds if the effect of the Reynolds num-
ber on the value of the resistance coefficient is neglected. It is
sufficient, In fact, to obtain the complete hydro~namic characteristics

4
only for a single planing speed. With the aid of these tests the depend-
ence of the coefficient E on CB may be determined for constemt
values of the
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trim angle e. With the aid
constructed as a function of
The latter may be aesumed or

of this family of curves
the sveed for given leads

NACA TMNo. 1097

E can be readily
and trim anRles.—

chosen as the optimum. /ThZs -oermits~on--
structing the-resistance curve for large sue~ds for -the resistance
of the model cannot be measured because of-the limited speed of tb.etow-
ing carriage.

FiSure 8 givesthe test curves from tineflat-piate tests of Sottorf
on the dependence of E on CB at constant angles e. It is seen

from these ewes that the effect of the speed (Re~.olds number R=Q

since b =0.3 m= constant) on the value of ~ as a funct~-onof c;

is small, It may therefore be assumed tinatin this
marks are confirmed by test results.

Vkat has been said previously is true only for
tion. For the plowing condition at small values of

case the previous r%

the planing condi-
the Frcude an@e the

lift force is determined essentially by the hydrostatic forces~Zlais
case the dynamic forces also depend on-the Froude number.

k. TBE CPTIMUM HANIN!2A3TGIZ OFA YIAT PIXTE

of

on

The efficiency of ylaning of a ~ttoii is characterized by the ratio
the resistance to the lift c = 1, LFor a given velocity and load on

A -—
/ Forthe water the smailer this ratio the more favoraile the bottom.,

a flat plate then results: c

Cf L
c =9+— (1)

cB

At the planing condition the coefficient c depends on three para~
eters. These uay..be-takea..asthe nondimensional magnitudes f3,h, and
R; or 6j–CB, and R. For practical purposes, however, it is conven-

ient to use the trim angle O and the dimensional.~ngnitudes A - the
load, and bv - the product of the speed~the width of the plate. Evi-
dently, this dimensional system of pam,meters ie uniquely exyressed in

&-terms of the system of nondimensional parameter .

Now express the -planingcoefficient c in terms of 6, A, and
u= P flb2 V2. Then:
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.CB=
2A

p b2 V2

23

fflhe 2A
= —- , whence L = —— (2)
l+2fx f(u @ –4A)

where f 1s a test coefficient the theoretical value of which ia equal
to unity. According to test L%ta for h > 0.2 thi~ coefficient may be
taken equal to 0.7. This coefficient is left undetermined since very
small wrpect ratios are tein$ dea~t ,tithfor which no test data are

L

.A
available, and for small aspect ratios the theoretical value f = 1 is
very probable.

For the fricbion coefficient the Prandtl formula is used.1

o.01’h o.074(pYr)o”llJo”~
(3)Cf= ~=,p-= ~o.2 Uo.l

\v)

With the aid of formulas (2) and (3)there is obtained for the ylaning
coefficient:

c = 0 + EA+02 U0”9 (U L9- 4A)--0”8 (4)
wfi.ere

(5)

——. — ——...

‘All qualitative results
friction coefficient the more

obtained below remain valid if fcm the
general formula

Cf . m
a.’

(u-)v

is ‘@keny where m and u are ccnmtant (O<ct <l).

—.
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By setting for water p = looc{g = 102 kg sec2/m4, v = 11 X 10-7 m2/sec
(this corresponds to the valge of tiiekinematic viscosity ccefficient of
water at a temperature
the Va~U5 Of l~lo ~:

of 15”to 16°)and f = 1, there is obtained for

Fro~n formula (4)for a given load, speed, and width of plate, the
value of the trj.mangle 8“:-is rea~ily .determinedj for wllj.chthe coeffi–
cient s has the minimum value. Tor e’% the equation,

results, wb.er.ceis obtained:

For thi~ value cf the trim angie there is obtained:

and

(6)

(7)

(8)

Evidently, the numerical values of the coefficients in these formulas de
penalcn the assumed system of urn-its. In formulas (6), (7),slid (8)
these values correspond to the kilogram, meter, second system of units.

On figure 9 are given the curves for O* and ~% as a function of
the load A kilograms for bv = 1.8,2.4,and2.85. At a width

...—— - .. --—— ....- .-..
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II= 0.3meter, this corresponds to the speeds v = 6, 8, and9.5meters
Tei second. On tliefigure are ylotted the test points obtained by
Sottorf. The agreement of the theoretical curves with the test results
is entirely satisfactory./At a speed v = 6 meters per second there is

“ obtained for the width of tho filato b = o.3~o.4~~~do.475meters.It
is evident from the curves that,in these examples, at large loads the
planing coefficient rapidly decreases with increase in the width, and
therefore more favorable plani~ conditions are obtainod. As is shown by
formula (8),with increase in the load, A, the value of ~~~-increasesaww,~o,,)y
rather slowly: with increase in the upeed or the width, 3,X* decreases
rapidly. A

The position of the center of pressuzw along the keel is determi ed
fby the value of the wetted length and therefore by the value of L . –,

k~)~ -b
For a float, the position of the center of Tressurc is determined essen-
tially by the position of the center of gravity. T’hcreforcthe favor-
able center–of-gravityposition for a given load and width greatly de-
pends on the speed. For a given lead and syecd the favorable center-oY-
gravity position strongly depends on tho width.

5. ON THEOPTIMUM WIDTH OF A HJINJ3TGFLAT l?LATEl

Formulas (6),(7),and (8)in the yrecedi~ section Give the most
favorable values of 6%, C;&,and X;(”for a given.value of the lead. A
and prod~~ct bv. From these formulas it is seen that for a given value
of the speed the minimum value of the planing coefficient may be af-
fected by a choice of the width b.

Now will be found
mum value ~+ assumes
sion for C * given by
obtained.

d.,f
.—= —

d(bv)

the value of the roduct bv for which the tini-
its least value.

L
By differentiating the cxpro~-

formula (’7)of th’ preceding section there is

o.o24 + ooo~~ L?X*.. .0

(bv;*-R3

whence
—.— .- ——

lThe res~ts of this section follow from the assumed empirical for-
mulas which are extended to conditions of motion not investigated experi—
mentally.
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SubstitutiM the value
(8) (sec. 4], thero is

NACA TM NO, 1097

(bV)%*= 10S1Alo[19 (1)

for the product
obtained:

bv in formulas (6),(7),and.

-/*119
(2)

and

AU

From (2) and (3) there is obtained

(4)

(5)

The obtained formulas give the values for Vne ilmikmental characte~
istic~ under the most favorable planing condition o:f[aflat plate as a
fume-tionOf’ the load. From these fo~i~las the following conciunions may
be derived. ~At a ~iven speed v and ioad. A there exists an optimum

/The o“-zim~ value of the ~~idthis proportiol]al to A1 o/~g, thatwidth. I&___ P
is; increases approximately as the square root of A with incrcasi~
load. ~qog..agiven load the optimum

J

idth decreases with increasing
speed inversely proportional to the peed./,The optimum y.alucof I./c
(the minimum value of the Tlaning coefi’ici~n%~-”dcpcn.dso~~l~htly on
the load.,and incrcascs with increasing load. (These results are, of
course, not valid for veqy

4’
small ioads.)&or a flfitplate for ioad.s

A = 10 to 1000 kg, : .%$$ = 0.09to 0.0”( &d therefore the optimum
value varies within the limits 11 to 1~.’/The optimum aJ@C 03<”-%d.cpcnd.s---...
only sli~htly on the load and drops with incrcasiil~load.

At the optimum plcdn~ condition the frictional resist. ,c:consti-
tutes somewhat more than ~0 percent of the total resistance

F----
lho opti-

mum @aning condition exists for small wcttod lcmgths, sin e

h
,,,, 1TTr L-At the optimum ccndition the center of presmmv is very near=—

16“

tho rear edge of the plate.
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The plates used in the tests of Sottorf were narrower than the opti-
mum. (For the test data.of Sottorf, formula (6)gives an optimum width ; ~~~

A

equal to 0.77 meter for a very small load. This explains why in the // J
tests of Sottorf the minimum value for E decreased continuously with ‘,
increasing width. /L/

In the planing condition when the wetted length is very small,
A << 0.2, it is probable that the actual value gives the effect of theA/ 3~
spray falling on the surface of the water at thefrcnt edge.,thereby dis-
turbing the steady character of the motion of the water. Moreover, for
small values of X the @aning is unsteady. Special tests are required /3/
to explain the Cxistence and possibility of usi~ optimw conditions in = “,
changi~ the width of the plate.

If for the coefficient
CB one of tho empirical formulas of the

form:

CB = C)?

is used where c is constant - = ~P in the formula of Sifman and

Sottorf, and O.~ in the formula of Perri~ and Johnston - the optimum
width is not obtained; that is, from these formulas it follows that
the planiw coefficient always decreases ~rithincreasing width. This
result was obtained a~ a consequence of the unlitiitedincreaee of the

CD
coefficient k . ~Y% which is refuted theoretically, and test data

}
for very small A are not available.

%-
The influence of the sc le effect

on the magnitude of the optimum width wi now be considered.
L
The opti-

mum model and full-scale widths are denoted by bl and b2, respec-
tively. For model and full-scale speeds and loads for which the
comparison is made, the relations are:

These relations correspond to the similarity law of Froudea From formula
(1) there is obtained:

A;”’lg 10/19
bl = 1.54—— ; bz = 1.54‘2 =bln 30)19-1;2 = bl m41’38

VI V2

hence,

1 _.
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ba = &“om bl
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(6)

and not b==nibl as fOIMWEIfrom the Erouaelaw,
L
Thus,theoptimm

widthdeterminedon themodel and C

law wiU not be theopt- for f’&?%%.’O’RWmst L?L&3RHL
the sense that after ccquting the fuU+co30 widt+ according to Jkroudc ,

an officimcy ~ be obtained equal to the cptinnuuon themodelbut for.
thG full-scale efficiency a higher value mny bo obtalnod by a different
choice of width.

4
Since the exponent 1.08 dlf’ferelittlo fram uni~,

tho above conclus on Is only of thaomti
+ ‘“P.%%”%%?.%.cpced varies with inorea~ing load or a given

lllinod.If the powor la Wmtcd b~ E, thtire s obtilued:

Esaw.p= c**~v

whenceby formula (3)thereremlt~:

(7)

HencethoplaningBpoodfcr theoptlmwmconditioniQ “apximtoly II+
verselyproportlcmalto theload..Formula(7)my be also exproseod as:

E A1/19 . 10 p A~il =V=loz (8)

where p &notes tho ~~ per unit load. on the water. hm formula

(8)it folkws that with increaair~ Ioad for a given pcnmr per unit
weight of the float,the speed Increases with increasing load.. SincoIn

$? fomrda (8), A enters+tie l/19thpowor, this increaso is ve~ Blow.

Translation by S. Reiss,
National Adv3sov Conuxlttee
for Aeronautics ,

—— —— . ... —- .. . ...—. . . ... . . .- —..... . .----- —. .. . . . .—— —.- ...—
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Figure l.– Schematic representations of hydrodynamic forces
actina on a bottom with cylindrical insert in

planing on the s~rface of water. -

/’cl
A’

Figure .Zl.—Co~Llparison of curves for CB/e W formula (1)
test results of Sottorf and Sambraus.
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Figure 5.- Curves for the friction coefficient as a function
of the Reynolds number R

1
= v2/v for towing of

flat plates in the direction of the r plane according to the
formulas of Prandtl and Schlichting.
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Figure 7.- Coefficient ~1 (b /ba) characterizing scale
effect for comput the resistance aocord-

%v,,v-,)ing to Froude: coefficient ~a characterizing the
error in computing the resistance from one velocity to
another..f.or...thesame C~ ~_d~.
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Figure 9.- Curves of optimum values of the trim angles e*
and planing coefficient C* for constant values of

the product bv. Curve I corresponds to bv = 1.8, II - bv = 2.4
and III -bv = 2.85. For b = 0.3, I corresponds to v = 6 m/see,
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Figure 10. - Chu?vesfor optimum values of product bv** and
- planing coefficient G** as functions of the load

on the water for the optimum value of the trim angle 6** for
planing of a flat plate.
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